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Abstract—In this paper the principle and theoretical basis of the step-heating technique for thermal

diffusivity measurement is summarized. Application of two numerical fitting methods for data reduction—

least-squares and Levenberg—Marquardt methods—is described. Results of thermal diffusivity estimation

from both simulated and experimental data are presented and discussed. Copyright © 1996 Elsevier
Science Ltd.

1. INTRODUCTION

The step-heating method is a promising photothermal
technique for measurement of thermal diffusivity of
solids [1, 2]. In this method the thermal diffusivity of
a material is measured by subjecting the front face of
a small, usually disk-shaped sample to a constant heat
flux condition. From the resultant temperature rise at
the opposite (rear) face of the sample the thermal
diffusivity can be obtained. The step-heating method
can be viewed as an extension of the well known flash
method, based on measurement and analyzing the
temperature respornse at the rear face after application
of an instantaneous heat pulse [3]. Although the flash
technique was primarily proposed for measurement
of homogeneous and isotropic materials, it has also
been successfully applied for measurement of het-
erogeneous and anisotropic materials including
layered, dispersed and fiber-reinforced composites.
However, extensions of its use for some types of insu-
lators and explosive materials is limited due to the
relatively large front face temperature rise caused by
the heat pulse. There are also difficulties involved in
measuring the thermal diffusivity of large-grained het-
erogeneous materials, especially oriented fiber-
reinforced composites, where the scale of the micro-
structure is comparable with the sample thicknesses
usually used [4]. Substituting step-heating for the laser
pulse tends to overcome these difficulties, the possi-
bility of using samples of relatively large dimensions
in comparison to those used in the flash method allows
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the extension to cases where the material can be con-
sidered to behave as a homogeneous medium [5]. An-
other advantage of the step-heating method is the
relatively low intensity of the imposed heat flux in
comparison with that necessary for the pulse-heating
techniques. The sample is therefore less likely to exhi-
bit a phase transition or decompose as a result of a
sudden large temperature increase at the front face.

2. MATHEMATICAL BACKGROUND OF THE
STEP-HEATING METHOD

The ideal model is based on the behavior of a homo-
geneous, thermally insulated, infinite slab with uni-
form and constant thermal properties and density,
subjected to a constant heat flux, uniformly applied
since the time origin, over its front face (x = 0). The
transient temperature 7 = T(e,f) at the rear face
(x = ¢) of the sample can be obtained by solving the
one-dimensional heat conduction equation
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where q is the thermal diffusivity, k is the thermal
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NOMENCLATURE
a thermal diffusivity q heat flux per unit area
a* estimated value of thermal diffusivity 2 sample radius
B heat flux parameter Sp normalized sensitivity coefficient
C,  specific heat t time
e sample thickness T temperature.
hy, e, h. heat transfer coefficients
H, Hy, H., H,, H. Biot numbers
H*  estimated Biot number Greek symbols
k thermal conductivity 0 function
(0] computational complexity p density.

conductivity and ¢ is the heat flux per unit area. The
general expression for the sample temperature as a
function of position x and time ¢ is [6]
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The temperature 7(z) = T(e, t) at the rear face (x = ¢)
can be written in the form
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where p is the density and c is the specific heat.
Use of this simple adiabatic model is limited due to
the difficulty of creating the ideal conditions con-
sidered here. In a real experiment heat transfer
between the sample and its environment is often
unavoidable. Although one can reduce heat losses by
using radiation shields, vacuum chambers etc., in
some cases (high temperatures, poorly thermal con-
ductive materials) it is necessary to take heat exchange
into consideration in the working equation.
Let us consider a disk-shaped sample with thickness
e and radius r, (Fig. 1). If we take into account heat

losses from the sample governed by Biot numbers
related to each face H,= he/k, H,= he/k and
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Fig. 1. Model with heat losses.

H_ = hr/k (hy, h., h. being the axial and radial heat
transfer coefficients), the equation to be solved is

\or_&T o1 101
adt oxr ot ror’
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with the boundary conditions

T(x,r,0)=0, 0<x<e; 0<r<r, ®)

aTO,r,0) ¢  Hp
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where T = T(x,r,t) is the temperature at the point
(x, r) and the time ¢. The general solution of this prob-
lem can be obtained in the form [7]
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and u, and w,, are the positive roots of the equations
(16)
an

and J, and J, are Bessel functions of the first kind,
order 0 and 1. The temperature 7(¢) = T(e, 0, f) in the
center of the rear face can be written as:
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3. DATA REDUCTION

x Y B(H..0) (18)

3.1. Use of the leait-squares fitting procedure

Estimation of the thermal diffusivity can be per-
formed by comparing the experimental data and the
temperature vs time curve computed from equation
(6) or (18). An iterative algorithm has appeared in the
literature based on comparing the ratio of tem-
peratures V = T(¢,)/T(¢,) in various times ¢, and 1, for
the ideal adiabatic model (equation (6)). In order to
increase the precision and to ensure the validity of the
considered model, thermal diffusivity was proposed
to be calculated at several different times [1, 2].

Use of computers in experimental data analysis
allows one to utilize more powerful data reduction
methods. The objective of this section is to show how
a least-squares fitting can be used for data reduction
in the step-heating method.

Least-squares fitting can be applied, when we use
the correct model and the experimental data are cor-
rupted by a statistically uncorrelated error with the
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normal (Gaussian) distribution [8]. The least-squares
method applied to step-heating experimental data is
based on minimization of the merit function
N
R= _Zl (7, - T 19
i<
where T are the experimental data at the time points
t;, T(t;) are the corresponding temperatures calculated
from the exact solution and N is the number of data
points. We assume that the least-squares merit func-
tion R has one unique minimum, which corresponds
to the true values of the parameters being estimated.
Let us consider the ideal adiabatic model: then we
have two parameters to be estimated—thermal diffu-
sivity a and the term B = g/pce. The necessary con-
ditions for the extreme of R = R(a, B) are given by

0R(a,B)

P 0 20)
dR(a, B)

5 = =0. (21

A good deal of information is given by a normalized
form of sensitivity coefficients, defined as

oT
op
which may be viewed as a change 6T in the tem-
perature T given by a small relative variation in the
parameter S[0T = Sp(3f/8)] [8, 9]. Figure 2 presents
sensitivity coefficients S, and S, vs time computed
from equation (6). The calculations were done for
the sample parameters a = 5:107> m® s~!, thickness
e =230 mm and B =0.01 K s='. The shape of the
sensitivity coefficients curves indicates that they are
linearly independent. Thus a and B can be sim-
ultaneously estimated. Performing the operators indi-
cated in equations (20) and (21) and after some
manipulations, we obtain a set of algebraic equations
for a and B in the form
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Fig. 2. Sensitivity coefficient curves for the adiabatic model (equation (6)).
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Fig. 3. Sensitivity coefficient curves for the model with heat losses (equation (18)).

The problem of finding the optimal value of thermal
diffusivity is due to the linear dependence of tem-
perature rise 7'(e, ¢) on parameter B reduced to solving
one algebraic equation (23). This equation has only
one non-trivial root a*, which corresponds to the
desired optimal value of the thermal diffusivity. To
search for this value we used an iterative algorithm,
based on the standard numerical bisection method.
The main advantage of this algorithm is that the calcu-
lation of thermal diffusivity is independent of know-
ledge of the parameter B, which is then calculated
from equation (24).

Let us consider the model described by equation
(18) if we assume the same heat losses from the front
and rear surface, then we have only one axial Biot
number H, = H, = H,. Figure 3 presents the sen-
sitivity coefficients s,, Sp, Sy, and Sy vs time for this

two-dimensional (2D) model. The curves were com-
puted for a=5x10" m? s”!, B=0.01 K s7/,
H,=15H =0.1,¢e = 30 mm and r, = 10 mm. Simi-
lar shapes of the sensitivity curves for axial and radial
Biot numbers H, and H, indicate that these curves are
close to being linearly dependent. This means that the
parameters H, and H, cannot be determined inde-
pendently in the least-squares fitting process, therefore
we assume that there are equal axial and radial heat
transfer coefficients 4, = h, and radial and axial Biot
numbers fulfil the condition

H,=H,=.
e

(26)

Thus data reduction consists of estimation of three
unknown parameters, a, B and H, From the
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conditions for a minimum of the function

R = R(a, B, H,), we obtain the following algebraic
equations
@,(a, H,
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Because of the linear dependence of the temperature
rise on the heat-flux term parameter B for these
models, the problem of finding the desired optimal
value of thermal diffusivity ¢ and Biot number H, is
reduced to solving the two algebraic equations (27)
and (28). Both these equations have only the non-
trivial roots a¢* and HY, which correspond to the
desired optimal values of thermal diffusivity and Biot
number. These values can be found by an iterative
root-finding technique. Parameter Bis then calculated
from equation (29).

3.2. Levenberg—Marquardt method

As the second method for data reduction we used
the Levenberg-Marquardt (LM) 3* based procedure.
Detailed description of this widely used" technique,
together with the source code is given in ref. [10].
We have already successfully used the method for
processing data gained by the flash method [11]. Here
we give only a brief description of the fitted equation
and concentrate on the conditions, which must be
fulfilled for successful use LM in the case of the step-
heating method.

Fitting to the adiabatic model described by equa-
tion (6) is straightforward and therefore we do not
pay further attention to it here. However, fitting in
the case of heat losses from the sample surface gov-
erned by equation (18) is more complicated. We
assume the same heat transfer coefficient from the
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front and rear surface 4, = h, = h.. The fitted equation
then has the form

T(a: Ba Has Hn zl> t) =

u:  wi
1 —exp( ( + —z)at>
e 7

+BY 4,Y B, — (3D
n=1 m=1 U, Wy,
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B=—
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and r and s are the number of summation terms.
Parameters to be fitted are B, thermal diffusivity q,
Biot numbers H, = H, = H., H, and a zero level cor-
rection term T7,;. The last parameter makes the method
insensitive to a possible shift of the baseline.

In order to independently estimate all five
parameters, they must be uncorrelated and their sen-
sitivity coefficients linearly independent. The sen-
sitivity coefficients for the case of heat losses are shown
in Fig. 3. It is evident that a certain correlation
between S5, Sy and S, occurs. To estimate the mea-
sure of the parameter correlation we used Pearson’s
linear correlation coefficient PLC [10], which lies
between —1 and 1. Correlated (anticorrelated) dis-
tributions yield values close to 1 (—1), while uncor-
related distributions give PLC close to 0. Figure 4
shows the time dependence of PLC for all com-
binations of parameters. From the figure we can see
that the parameters B, H, and H, are very strongly
correlated for the extent of the measurement time,
while the parameter a shows low correlation with the
rest of the parameters in a certain time interval. For
this particular case the optimal interval for deter-
mination of g is 6-7 s (Fig. 4).

Fitting to a model with nearly correlated par-
ameters is not a trivial problem, since the minimum
has shape of a flat valley, as we show further. Let us
construct an error function D:

D(a, B, Ha’ Hr) = Z [T(a, Bs Haa Hr, ti)

!
i

_T(a*aB*5H:a H: ti)]2 (35)

which reflects a deviation of the response with par-
ameters a, B, H, and H, from the curve with optimal
parameters a*, B*, H¥and H? Two plots of this func-
tion are shown in Fig. 5. Figure 5(a) shows D(a, B,
H} HY for a and B varying in a close neighbourhood
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Fig. 4. Pearson’s correlation coefficient as a function of measurement time for all the combinations of fitted
parameters.

of the point [a*, B*]. The closed contours show that
D has the unambiguous minimum in [a*, B*]. The
case of D(a*, B*, H,, H) near the point [H} H}] is
different. The parallel contours of Fig. 5(b) show that
there is a continuous line of minimum points instead
of a single one. Since the iteration process can stop at
each of these points, depending on the initial guess,
only the ratio H,/H, can be estimated, i.e. various
combinations of H, and H, with the same ratio lead
to the same value of the thermal diffusivity. The
advantage of the LM method is its good behaviour in
such near-degeneracy cases (where other methods
may fail), but at the cost of a tendency to wander
around the minimum and thus finding the optimal
parameters is time consuming [10].

3.3. Optimization of the LM fitting process

Computational complexity of the LM method can
be expressed as O(r-s*i*p), where r*s is number of
sum terms in equation (31) taken into account, i is
number of iterations and p is number of fitted par-
ameters. Proper choice of r and s can significantly
speed up the iterative process.

For the purpose of a time analysis of the problem

let us express the nmth exponential of equation (31)

as
t
Tnm =_q—knm<l_exp<— )>’
pce Tom

where 1,,, = 1/{a[(4/e*) + (wa,/r})]} is its time con-
stant and %, = 4,8,.t,.. Table 1 shows k,, and 1,
for some selected values of n and m. We see that %,
is falling much faster with growing m than with » (e.g.
ki s < kig0,) and therefore it is possible to take fewer
m-members into account.

Contribution of each exponential T, is after some
time (z & 31,,) constant and equal to 4,B,,1,,,. If we
neglect all terms with t < f/s, where ¢ is measurement
duration and s is number of samples, the error is
constant over the whole time interval and results in a
shift of the curve. However, this approximation also
results in an error in the determination of the curve
parameters. Since the deviation is constant, we can
improve the precision by fitting the zero level term T,
of the working equation (equation (31)). Table 2
shows results of fitting the models with different num-
bers of r and s terms to a simulated noiseless response

(36)

Table 1. 1, and k£, for selected » and m (see equation (36))

n Ty [s] ka [s] Tuz [8] k., [s] Tns [8] ks [s]
1 4.352319 2.781931 0.132045 —0.002748 0.011237 0.000036
2 1.071038 —1.627136  0.120815 0.005976 0.011149 —0.000085
5 0.108704 0.215835  0.060449 —0.003908 0.010208 0.000102
10 0.022300 —0.045400 0.019162 0.001270 0.007485 —0.000077
20 0.005041 —0.010315  0.004861 0.000324 0.003483 —0.000036
50 0.000759 —0.001556  0.000755 0.000050 0.000711 —0.000007
100 0.000186 —0.000381  0.000186 0.000012 0.000183 —0.000002
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(b) re'e

Fig. 5. Isocontours of the D function near point [a*, B*,
H} HJ (see equation (35)).

with r =100 and s = 10. In the third column are
values of a obtained without fitting the 7, term, while
in the fourth column are results obtained with this
term. We see that in the worst case, for r = 30 and
s = 1, the error of the result is nearly eight times lower
with fitting of the T, term. However, errors increase
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with further decrease of r, since the condition 7 < /s
is no longer fulfilled for all discarded exponentials.

The last column of Table 2 shows duration of the
fitting procedure. We can see that even a 15-fold speed
up can be reached (30 x 1 vs 100 x 10 terms) without
a significant lose of precision.

4. RESULTS AND DISCUSSION

In the previous sections we have described the mod-
els used for determination of the thermal diffusivity
by the step-heating method. Three possible cases are
discussed. The case when no heat losses from the sam-
ple surface occur (equation (6)) is straightforward.
From Fig. 2 we can see that sensitivities for both fitted
parameters a and B are linearly independent in the
whole time region. However, the conditions of this
model are rarely fulfilled in a real experiment.

The most common case is that of equal axial and
radial heat transfer coefficients. The third possibility,
with different axial and radial heat losses, may occur
when axial and radial surfaces of a sample are not of
the same roughness.

Sensitivity analysis of equation (18) depicted in Fig.
3 shows that there is a certain linear dependence of
the sensitivity coefficients Sp, S;_and Sy . Pearson’s
test [10] confirms a strong correlation of these par-
ameters. However, the thermal diffusivity is not cor-
related with other parameters in a certain time region
(Fig. 4).

We have proposed the use of two data reduction
methods for evaluation of the thermal diffusivity. The
first is the least-squares fitting algorithm, which can
be used in the case where heat losses are negligible
(equation (6)) or for samples with equal axial and
radial heat transfer coefficients. In this case only two
linearly independent parameters @ and H, are fitted.
Parameter Bis then calculated from equation (24) and
parameter H; from the condition of equal axial and
radial heat transfer coefficients. The main advantage
of this technique is that the calculation of the thermal
diffusivity is independent of knowledge of the par-
ameter B.

As the second method we used the Levenberg—Mar-
quardt method. Fitted parameters are @, B, H,, H,
and a zero level correction term T, which makes the
method insensitive to a possible shift of the baseline.

Table 2. Fitting noiseless simulated response with different r and s with (ag,)
and without (ag) the zero level correction term 7T7,. True thermal diffusivity
a=5x10"°m?s™!

r s ag [107°m?s7']  agy [107° m? s Fit time [s]
100 10 5.0 5.0 115
100 2 4.999 4.999 26

50 10 4961 4.997 65

30 1 5.089 5.012 8.5
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Table 3. Thermal diffusivity and its deviation gained from simulated data by LM method.
The simulated noise was 0.5%, 1% and 5%, respectively

Time [s] Q5w [1075m? 57" ayy, [107° m?s™1] a5y, [107°m? s71)
4 5.1334+0.312 5.327+40.680 5.36240.680
7 5.02840.160 5.066 +0.220 5.16040.390
14 5.082+0.103 5.1154+0.173 5.25040.377
20 5.081+0.105 5.125+0.173 5.24440.326

Table 4. Thermal diffusivity a of stainless steel and graphite using both LS and
LM method and compared with literature data

Sample Grecomm [107° M2 a5 [107°m?s™"]  apy [107° m?s7]
Graphite 76.6 72.474+0.11 73.440.04
Steel 3.77 3.56+0.18 3.661+0.10

The main advantage of this procedure is the possibility
of fitting to equation (18) with different axial and
radial heat transfer coefficients. However, processing
of such a near-degenerated case with nearly correlated
parameters B, H, and H, (as was shown above) results
in wandering around the minimum performing tenths
of iterations and is very time consuming. The time
analysis in the previous sections shows how we can
optimize the number of sum terms in equation (31)
and thus reduce the fitting time significantly.

To test the reliability of the LM method applied to
the case with different axial and radial heat losses we
generated a set of 50 Monte-Carlo curves with three
levels of additive noise and four different measure-
ment times. Table 3 shows the obtained mean thermal
diffusivity and its deviation by fitting to the complex
model (equation (31)). All the simulations were done
for the sample parameters mentioned in the previous
section. From Table 3 we see that we get the most
precise value of thermal diffusivity by fitting the
response with a duration of 7 s, i.e. in the region where
a is not correlated with other parameters. Thus it is
evident that the precision of the fitting process
depends on the duration of the measurement. With
increasing noise the precision of estimating the ther-
mal diffusivity decreases. Its standard deviation
increases even more rapidly as a result of the flat valley
of minimum points depicted in Fig. 5(b).

The two data reduction algorithms were also tested
on experimental data obtained from graphite (diam-
eter 12.8 mm, length 27 mm) and stainless steel (diam-
eter 12 mm, length 6 mm) samples. The results gained
from both methods together with the values given by
NIST [12, 13} are given in Table 4. Although the
measurements were done at room temperature, the
graphite sample exhibits heat losses and the difference
between the values gained by using the correct model
and adiabatic model was approximately 20%. Thus
for processing the measured data we use the model
with equal axial and radial heat losses.

5. CONCLUSION

The step-heating technique is a suitable tool for
determining the thermal diffusivity of materials. It is
an extension of the well-known flash method made by
exchanging the source of the light pulse (laser, flash
lamp) for a source of constant heat flux (halogen
lamp). In this paper we have outlined use of two data
reduction methods for this technique. Both are based
on a non-linear fitting to the equation which involves
heat loss terms. The sensitivity analysis shows that the
duration of measurement can increase the precision
of the results of data reduction. The proposed fitting
algorithms were tested on both simulated and exper-
imental data and the analysis above shows that they
can be successfully used to process data gained by the
step-heating technique.
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